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The energy-momentum tensor, which is coordinate independent, is used to calculate en-
ergy, momentum and angular-momentum of two different tetrad fields. Although, the two
tetrad fields reproduce the same space-time their energies are different. Therefore, a regular-
ized expression of the gravitational energy-momentum tensor of the teleparallel equivalent of
general relativity, (TEGR), is used to make the energies of the two tetrad fields equal. The
definition of the gravitational energy-momentum is used to investigate the energy within
the external event horizon. The components of angular-momentum associated with these
space-times are calculated. In spite that we use a static space-times, we get a non-zero
component of angular-momentum! Therefore, we derive the killing vectors associated with
these space-times using the definition of the Lie derivative of a second rank tensor in the
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1. Introduction
Quantum mechanics and general relativity are two very successful and well validated
theories within their own domains. The problem is that there is no way to unify them
into a single consistent theory. One of the most promising models of unification is string
theory. Two classes of strings are the closed and open strings. Gravity is described by closed
strings and matter is described by open strings. In non-pertubative string theory there
exist extended objects known as D-branes. These are surfaces where the open strings must
start and finish. This provides an alternative to Kaluza-Klein [1] approach, where matter
penetrates the extra dimensions, leading to strong constraints from collider physics.
A model that captures some of the essential features of the dimensional reduction of
11-dimensional supergravity proposed by Hor˜ava and Witten [2] is introduced [3]. The grav-
itational field on the brane is defined by the modified Einstein equations given by Shiromizu,
Maeda and Sasaki [4] from 5-dimensional gravity using the Gauss and Codazzi equations [5].
Gµν = −Λ4δµν −K24Tµν −K45Πµν −Eµν , Λ4 =
κ25
2
(
Λ5 +
̺2κ25
6
)
, (1)
where Λ4 is the 4-dimensional cosmological constant expressed in terms of the 5-dimensional
cosmological constant Λ5, Gµν is the Einstein 4-dimensional tensor, ̺ is the brane tension,
κ24 = 8πGN =
̺κ25
6π
is the 4-dimensional gravitational constant, GN is the Newton’s constant
of gravity, Tµν is the stress energy tensor of matter confined on the brane, Πµν is a tensor
quadratic in Tµν obtained from the 5-dimensional metric across the brane
2Πµ
ν = Tµ
βTβ
ν − TTµν − δµν
(
TρǫT
ρǫ − T
2
2
)
, (2)
where T is the trace of the stress energy tensor of matter and Eµν is the electric part of the
5-dimensional Weyle tensor projected onto the brane. In proper 5-dimensional coordinate
Eµν = δµ
Mδν
NCMNKLn
KnL where M,N · · · are 5-dimensional indices and nM is the unit
normal to the brane [6]. Here we are going to select a class of spherically symmetric black
holes without specifying Eµν .
Among various attempts to overcome the problems of quantization and the existence of
singular solution in Einstein’s general relativity (GR), gauge theories of gravity are of special
attractive, as they based on the concept of gauge symmetry which has been very success-
ful in the foundation of other fundamental interactions. The importance of the poincare´
symmetry in particle physics leads one to consider the poincare´ gauge theory (PGT) as a
natural framework for description of the gravitational phenomena [7]∼[13]. Basic gravita-
tional variables in PGT are the tetrad field eaµ and the Lorentz connection A
ab
µ, which
are associated to the translation and Lorentz subgroups of the poincare´ group, respectively.
These gauge fields are coupled to the energy-momentum and spin of matter fields, and their
field strengths are geometrically identified with the torsion and the curvature. The space-
time of the PGT turns out to be Riemann-Cartan space U4, equipped with metric and linear,
metric compatible connection.
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General geometric arena of PGT, the Riemann-Cartan space U4, may be a priori restricted
by imposing certain conditions on the curvature and the torsion. Thus, Einstein’s GR is
defined in Riemann space V4, which is obtained from U4 by the requirement of vanishing
torsion. Another interesting limit of PGT is the teleparallel or Weitzenbo¨ck geometry T4.
The vanishing of the curvature means that parallel transport is path independent. The
teleparallel geometry is, in sense, complementary to Riemannian: curvature vanishes, and
torsion remains to characterize the parallel transport. Of particular importance for the
physical interpretation of the teleparallel geometry the fact that there is a one-parameter
family of teleparallel Lagrangians which is empirically equivalent to GR [12, 14, 15]. For the
parameter value B = 1/2 the Lagrangian of the theory coincides, modulo a four-divergence,
with the Einstein-Hilbert Lagrangian, and defines (TEGR).
The search for a consistent expression for the gravitating energy and angular-momentum
of a self-gravitating distribution of matter is undoubtedly a long-standing problem in GR.
It is believed that the energy of the gravitational field is not localizable, i.e., defined in a
finite region of the space. The gravitational field does not possess the proper definition of
an energy momentum tensor and one usually defines some energy-momentum and angular-
momentum as Bergmann [16] or Landau-Lifschitz [17] which are pseudo-tensors and depend
on the second derivative of the metric tensor. These quantities can be annulled by an
adequate transformation of coordinate. They [16, 17] justify the results as being consistent
with Einstein’s principle of equivalence. In this principle, it can be always find a small
region of space-time, where it prevails Minkowski space-time. In such a space-time, energy
of the gravitational field is null. Therefore, it is only possible to define the energy of the
gravitational filed in whole space-time region and not only in a small region. The Einstein’s
GR can also be reformulated in the context of teleparallel geometry [18]∼[27]. In this
geometrical setting the dynamical field quantities correspond to orthonormal tetrad field
eaµ
∗ (a, µ are SO(3,1) and space-time indices, respectively). The teleparallel geometry is a
suitable framework to address the notions of energy, momentum and angular-momentum of
any space-time that admits a 3 + 1 foliation [28]. Therefore, we consider the TEGR.
Hamiltonian formulation of TEGR, in Schwinger’s time gauge [29], has been established
[30]. This formulation is an alternative teleparallel geometric description to Einstein GR
theory. An essential feature of this Hamiltonian formulation is that one can defines energy of
the gravitational field by means of an adequate interpretation of the Hamiltonian constraint.
Several configurations of the gravitational energy were investigated with success [30, 31].
TEGR can be understood as a gauge theory for the translation group [27]. In this approach,
the gravitational interaction is described by a force similar to the Lorentz force equation of
electrodynamics, with torsion playing the role of force. Regge and Teitelboim [32] obtained a
Hamiltonian formalism for GR that is manifestly invariant under Ponicare´ transformations at
infinity by introducing ten new pairs of canonical variables, which yield ten surface integrals
to the total Hamiltonian. The subsequent analysis given by York [33] showed that a proper
definition for the gravitational angular-momentum requires a suitable asymptotic behavior
of the spatial components of the Ricci tensor. A careful analysis of the exact form of the
boundary conditions needed to define the energy, momentum and angular-momentum of the
gravitational field has been carried out by Beig and o´ Murchadha [34] and by Szabados [35]
who found the necessary conditions that yield a finite value for the above quantities. In these
∗space-time indices µ, ν, · · · and SO(3,1) indices a, b · · · run from 0 to 3. Time and space indices are
indicated to µ = 0, i, and a = (0), (i).
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analysis the poincare´ algebra are realized at the spacelike infinity. These are transformations
of the Cartesian coordinates in the asymptotic region of the space-time.
The Hamiltonian formulation of an arbitrary teleparallel theories using Schwinger’s time
gauge is established [36, 37]. In this formulation it is shown that the TEGR is the only viable
consistent teleparallel theory of gravity. Maluf and Rocha [38] established a theory in which
Schwinger’s time gauge has not been incorporated in the geometry of absolute parallelism.
In this formulation, the definition of the gravitational angular-momentum arises by suitably
interpreting the integral form of the constraint equation Γab = 0. This definition has been
successfully applied to the gravitational field of a thin, slowly rotating mass shell [39] and for
the three-dimensional BTZ black hole [40]. Shanxian et al. [41] have calculated the energy
of general 4-Dim. stationary axisymmetric spacetime in the teleparallel geometry.
Definitions for the gravitational energy in the context of the TEGR have already been
proposed in the literature. An expression for the gravitational energy arises from the surface
term of the total Hamiltonian is given in Ref. [42]. In Ref. [43], a similar quantity is
suggested. Both expressions are equivalent to the integral form of the total divergences
of the Hamiltonian density developed in Ref. [38]. The three expressions yield the same
value for the total energy of the gravitational field. However, since these three expressions
contain the lapse function in the integrand, non of them is suitable to the calculation of the
irreducible mass of the Kerr black hole because the lapse function vanishes on the external
event horizon of the black hole [30]. The energy expressions of References [42], [43] are not to
be applied to a finite surface integration; rather they yield the total energy of the space-time
[30].
The Localization of gravitational energy-momentum remains an important problem in
GR. Using the standard methods many famous researchers each found their own expression.
None of these expressions is covariant, they are all reference frame dependent (referred to as
pseudotensors). This feature can be understood in terms of the equivalence principle: grav-
ity cannot be detected at a point, so it cannot have a point-wise defined energy-momentum
density. Now there is another way to address this difficulty. The new idea is the quasi-local
energy-momentum is associated with a closed 2 surface surrounding a region. A good quasi-
local approach is in terms of the Hamiltonian [25]. Then the Hamiltonian boundary term
determines the quasi-local quantities. In fact this approach includes all the traditional pseu-
dotensors [25, 44]. They are each generated by a superpotential which can serve as special
type of Hamiltonian boundary term. A good energy-momentum expression for gravitating
systems should satisfy a variety of requirements, including giving the standard values for the
total quantities for asymptotically flat space and reducing to the material energy-momentum
in proper limit. No entirely expression has yet been identified. One of the most restrictive
requirements is positivity. A general positivity proof is very difficult [45]. For more details
of the topic of quasi-local approach a very nice review article is given in [46].
The definition of P a is invariant under global SO(3, 1) transformations. It has been
argued elsewhere [47] that it makes sense to have a dependence of P a on the frame. The
energy-momentum in classical theories of particles and fields does not depend on the frame,
and it has been asserted that such dependence is a natural property of the gravitational
energy-momentum. The total energy of a relativistic body, depends on the frame. It is
assumed that a set of tetrads fields is adapted to an observer in the space-time determined
by the metric tensor gµν .
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We investigate the irreducible mass Mirr of the brane world black holes. It is the total
mass of the black hole at the final stage of Penrose’s process of energy extraction, considering
that the maximum possible energy is extracted. It is also related to the energy contained
within the external event horizon E(r+) of the black hole (the surface of the constant radius
r = r+ defines the external event horizon). Every expression for local or quasi-local gravita-
tional energy must necessary yield the value of E(r+) in close agreement with 2Mirr, since
we know beforehand the value of the latter as a function of the initial angular-momentum
of the black hole [48]. The evolution of 2Mirr is a crucial test for any expression for the
gravitational energy. E(r+) has been obtained by means of different energy expressions in
Ref. [49]. The gravitational energy used in this article is the only one that yields a satisfac-
tory value for E(r+) and that arises in the framework of the Hamiltonian formulation of the
gravitational field.
It is the aim of the present paper to find asymptotically flat solutions with spherical
symmetry in the TEGR for the gravitational such that Λ4 = Tµν = 0. In this case we
can treat Eq. (1) as conventional Einstein equations with an effective stress energy tensor
Tˆµν . Using the energy-momentum tensor [30], we calculate the energy, momentum, angular-
momentum associated with these solutions. We also derive the killing vectors related to
these solutions to discuss the different results of energy, momentum, angular-momentum.
The paper is organizing as follows. In §2, we briefly review the TEGR theory, the
energy-momentum tensor and the angular-momentum. The two different tetrad fields with
two unknown functions are studied in §2. In §3, we use the regularized expression for the
gravitational energy-momentum to recalculate the energy. In §4, we derive explicitly the
killing vectors related to these two tetrad fields, using the definition of the Lie derivative
of a second rank tensor in the framework of the TEGR, to discuss the different results we
obtained for the energy and angular-momentum. Final section is devoted to discussion and
conclusion.
2. The TEGR for gravitation, energy, momentum,
angular-momentum
In a space-time with absolute parallelism the parallel vector fields ea
µ define the non-
symmetric affine connection
Γλµν
def.
= ea
λeaµ,ν , (3)
where eaµ, ν = ∂νeaµ
∗. The curvature tensor defined by Γλµν , given by Eq. (3), is identically
vanishing. The metric tensor gµν is defined by
gµν
def.
= ηabe
a
µe
b
ν , (4)
with ηab = (−1,+1,+1,+1) is the metric of Minkowski space-time.
∗space-time indices µ, ν, · · · and SO(3,1) indices a, b · · · run from 0 to 3. Time and space indices are
indicated to µ = 0, i, and a = (0), (i).
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The Lagrangian density for the gravitational field in the TEGR, in the presence of matter
fields, is given by† [30]
LG = eLG = − e
16π
(
T abcTabc
4
+
T abcTbac
2
− T aTa
)
− Lm = − e
16π
ΣabcTabc − Lm, (5)
where e = det(eaµ). The tensor Σ
abc is defined by
Σabc
def.
=
1
4
(
T abc + T bac − T cab
)
+
1
2
(
ηacT b − ηabT c
)
. (6)
T abc and T a are the torsion tensor and the basic vector field defined by
T aµν
def.
= eaλT
λ
µν = ∂µe
a
ν − ∂νeaµ, T abc def.= ebµecνT aµν T a def.= T bba. (7)
The quadratic combination ΣabcT abc is proportional to the scalar curvature R(e), except for
a total divergence term [30]. Lm represents the Lagrangian density for matter fields.
The gravitational field equations for the system described by LG are the following
eaλebµ∂ν
(
eΣbλν
)
− e
(
ΣbνaTbνµ − 1
4
eaµTbcdΣ
bcd
)
=
1
2
κeTaµ, (8)
where
δLm
δeaµ
≡ eTaµ.
It is possible to prove by explicit calculations that the left hand side of the symmetric field
equations (8) is exactly given by [30]
e
2
[
Raµ(e)− 1
2
eaµR(e)
]
.
The axial-vector part of the torsion tensor aµ is defined by
aµ
def.
=
1
6
ǫµνρσT
νρσ =
1
3
ǫµνρσγ
νρσ, where ǫµνρσ
def.
=
√−gδµνρσ, (9)
and δµνρσ being completely antisymmetric and normalized as δ0123 = −1.
In the context of Einstein’s GR, rotational phenomena is certainly not a completely
understood issue. The prominent manifestation of a purely relativistic rotation effect is the
dragging of inertial frames. If the angular-momentum of the gravitational field of isolated
system has a meaningful notion, then it is reasonable to expect the latter to be somehow
related to the rotational motion of the physical sources.
The angular-momentum of the gravitational field has been addressed in the literature
by means of different approaches. The oldest approach is based on pseudotensors [16, 17],
†Throughout this paper we use the relativistic units , c = G = 1 and κ = 8pi.
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out of which angular-momentum superpotentials are constructed. An alternative approach
assumes the existence of certain Killing vector fields that allow the construction of conserved
integral quantities [50]. Finally, the gravitational angular-momentum can also be considered
in the context of Poincare´ gauge theories of gravity [51], either in the Lagrangian or in the
Hamiltonian formulation. In the latter case it is required that the generators of spatial rota-
tions at infinity have a well defined functional derivatives. From this requirement a certain
surface integral arises, whose value is interpreted as the gravitational angular-momentum.
The Hamiltonian formulation of TEGR is obtained by establishing the phase space vari-
ables. The Lagrangian density does not contain the time derivative of the tetrad component
ea0. Therefore, this quantity will arise as a Lagrange multiplier [52]. The momentum canon-
ically conjugated to eai is given by Π
ai = δL/δe˙ai. The Hamiltonian formulation is obtained
by rewriting the Lagrangian density in the form L = p q˙ − H , in terms of eai,Πai and the
Lagrange multipliers. The Legendre transformation can be successfully carried out and the
final form of the Hamiltonian density has the form [28]
H = ea0C
a + αikΓ
ik + βkΓ
k, (10)
plus a surface term. Here αik and βk are Lagrange multipliers that are identified as
αik =
1
2
(Ti0k + Tk0i) and βk = T00k, (11)
and Ca, Γik and Γk are first class constraints. The Poisson brackets between any two field
quantities F and G is given by
{F,G} =
∫
d3x
(
δF
δeai(x)
δG
δΠai(x)
− δF
δΠai(x)
δG
δeai(x)
)
. (12)
We recall that the Poisson brackets
{
Γij(x),Γkl(x)
}
reproduce the angular-momentum alge-
bra [30].
The constraint Ca is written as Ca = −∂iΠai + ha, where ha is an intricate expression
of the field variables. The integral form of the constraint equation Ca = 0 motivates the
definition of the gravitational energy-momentum P a four-vector [30]
P a = −
∫
V
d3x∂iΠ
ai, (13)
where V is an arbitrary volume of the three-dimensional space. In the configuration space
we have
Πai = −4κ√−gΣa0i with ∂ν(
√−gΣaλν) = 1
4κ
√−geaµ(tλµ + T λµ) where
tλµ = κ
(
4ΣbcλTbc
µ − gλµΣbcdTbcd
)
. (14)
The emergence of total divergences in the form of scalar or vector densities is possible in
the framework of theories constructed out of the torsion tensor. Metric theories of gravity
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do not share this feature. By making λ = 0 in Eq. (14) and identifying Πai in the left side
of the latter, the integral form of Eq. (14) is written as
P a =
∫
V
d3x
√−geaµ
(
t0µ + T 0µ
)
. (15)
Eq. (15) suggests that P a is now understood as the gravitational energy-momentum [30].
The spatial component P (i) form a total three-momentum, while temporal component P (0)
is the total energy [17].
It is possible to rewrite the Hamiltonian density of Eq. (10) in the equivalent form [39]
H = ea0C
a +
1
2
λabΓ
ab, with λab = −λba, (16)
are the Lagrangian multipliers that are identified as λik = αik and λ0k = −λk0 = βk. The
constraints Γab = −Γba [28] embodies both constraints Γik and Γk by means of the relation
Γik = ea
ieb
kΓab, and Γk ≡ Γ0k = ea0ebkΓab. (17)
The constraint Γab can be reads as
Γab =Mab + 4κ
√−ge(0)0
(
Σa(0)b − Σb(0)a
)
. (18)
In similarity to the definition of P a, the integral form of the constraint equation Γab = 0
motivates the new definition of the space-time angular-momentum. The equation Γab = 0
implies
Mab = −4κ√−gec0
(
Σacb − Σbca
)
, (19)
Maluf et al. [30, 39] defined
Lab =
∫
V
d3xeµ
aeν
bMµν , (20)
as the 4-angular-momentum of the gravitational field for an arbitrary volume V of the three-
dimensional space. In Einstein-Cartan type theories there also appear constraints that sat-
isfy the Poisson bracket as given by Eq. (12). However, such constraints arise in the form
Π[ij] = 0, and so a definition similar to Eq. (20), i.e., interpreting the constraint equation as
an equation for the angular-momentum of the field, is not possible. Definition (20) is three-
dimensional integral. The quantities P a and Lab are separately invariant under general co-
ordinate transformations of the three-dimensional space and under time reparametrizations,
which is an expected feature since these definitions arise in the Hamiltonian formulation of
the theory. Moreover, these quantities transform covariantly under global SO(3, 1) transfor-
mations [39].
We will consider two simple configuration of tetrad fields and discuss their physical
interpretation as reference frames. The first one in quasi-orthogonal coordinate system can
be written as [53]
e(0)
0 = A, eα
0 = Cxa, e(0)
α = Dxα
ei
α = δαaB + Fx
axα + ǫaαβSx
β, (21)
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where A, C, D, B, F, and S are unknown functions of r . It can be shown that the functions
D and F can be eliminated by coordinate transformations [54, 55], i.e., by making use of
freedom to redefine t and r, leaving the tetrad field (21) having four unknown functions in
the quasi-orthogonal coordinates. Thus the tetrad field (21) without the functions D and F
and also without the two functions C and S will be used in the following discussion for the
calculations of energy, momentum and angular-momentum but in the spherical coordinate.
Therefore, the tetrad field (21) can be written in the spherical coordinates without the
functions D, F , C and S as [55, 56]
(e1a
µ) =


1
A
0 0 0
0 B√
r
sin θ cosφ cos θ cos φ
r
− sinφ
r sin θ
0 B√
r
sin θ sin φ cos θ sinφ
r
cosφ
r sin θ
0 B√
r
cos θ − sin θ
r
0


. (22)
The other configuration of tetrad field that has a simple interpretation as a reference
frame can has the form
(e2a
µ) =


1
A
0 0 0
0 B√
r
0 0
0 0 1
r
0
0 0 0 1
r sin θ


. (23)
The space-time associated with the two tetrad fields (22) and (23) is the same and has
the form
ds2 = −A2dt2 + r
B2
dr2 + r2(dθ2 + sin2 θdφ2), (24)
and the non-vanishing components of the effective stress energy-momentum tensor associated
with the space-time given by Eq. (24) are
Tˆ0
0
= ρˆ =
1− 2BB′
κ24r
2
, Tˆ1
1
= ρˆrad =
rA− B2(A− 2rA′)
κ24r
3A
,
Tˆ2
2
= Tˆ3
3
= ρˆtang =
B (AB − 2rAB′ − rBA′ − 2r2BA′′ − 2r2A′B′)
2κ24r
3A
.
The two tetrad fields satisfy the field equations (8). Now we are going to calculate the
energy, momentum and angular-momentum associated with the two tetrad fields (22) and
(23). For asymptotically flat space-times P 0 yields the ADM energy [57]. In the context
of tetrad theories of gravity, asymptotically flat space-times may be characterized by the
asymptotic boundary condition
eaµ ∼= ηaµ + 1
2
haµ(1/r), (25)
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and by the condition ∂µe
a
µ = O(1/r
2) in the asymptotic limit r → ∞. An important
property of tetrad fields that satisfy Eq. (25) is that in the flat space-time limit one has
eaµ(t, x, y, z) = δ
a
µ, and therefore the torsion tensor T
a
µν = 0.
We apply Eq. (13) to the tetrad field (22) to calculate the energy content. Calculations
are performed in the spherical coordinate. Eqs. (22) and (23) assumed that the reference
space is determined by a set of tetrad fields eaµ for the flat space-time such that the condition
T aµν = 0 is satisfied. Using Eq. (7) in Eq. (22), the non-vanishing components of the torsion
tensor are given by
T (0)01 =
A′
A
, T (2)12 =
(
√
r − B)
rB
= T (3)13, (26)
and the non-vanishing component of the tensor T (a) is given by
T (1) =
B (rBA′ − 2A{√r − B})
r2A
. (27)
The axial vector associated with Eq. (22) is vanishing identically due to the fact that the
tetrad field of Eq. (22) has a spherical symmetry [53].
Now we are going to apply Eq. (6) to the tetrad field (22) using Eqs. (26) and (27) to
calculate the energy content. We perform the calculations in the spherical coordinate. The
only required component of Σµνλ is
Σ(0)01 = −sin θ{r −
√
rB}
4π
. (28)
Further substituting Eq. (28) in (13) we obtain
P (0) = E = −
∮
S→∞
dSkΠ
(0)k = − 1
4π
∮
S→∞
dSkeΣ
(0)0k = {r −√rB}. (29)
Let us apply expression (13) to the evaluation of the irreducible mass by fixing V to be the
volume within the r = r+ surface where r+ is the external horizon, i.e., B = 0. Therefore,
P (0) = E = −
∫
Si
dSiΠ
(0)i = −
∫
S
dθdφΠ(0)1(r, θ, φ), (30)
where the surface S is determined by the condition r = r+. The expression of Π
(0)1 will be
obtained by considering Eq. (14) using Eq. (6) and Eq. (7). The expression of Π(0)1(r, θ, φ)
for the tetrad (22) reads
Π(0)1 =
sin θ{r −√rB}
4π
, (31)
integrate Eq. (31) on the surface of constant radius r = r+ where r+ is the external horizon
of the black hole. On this surface the second term of Eq. (31) vanishes. Therefore, on the
surface r = r+ we get
P (0) = E = r+, (32)
10
a result that is obtained before [30, 46].
Now let us continue to calculate the momentum and angular-momentum associated with
the first tetrad field given by Eq. (22). Using Eq. (14) in (22) we get
Π(1)1 = 0. (33)
Substitute Eq. (33) in Eq. (13) we get
P (1) =
∫
V
dV ∂1(Π
(1)1(r, θ, φ)) =
∫
S
dS1Π
(1)1(r, θ, φ) = 0. (34)
By the same method we obtain
Π(2)1 = 0, P (2) = 0, Π(3)1 = 0, P (3) = 0. (35)
The results of Eqs. (34) and (35) are expected results since the space-time given by Eq.
(22) is a spherical symmetric static space-time. Therefore, the spatial momentum associated
with any static solution is identically vanishing [58].
We have used Eqs. (19) and (6) in Eq. (20) to calculate the components of the angular-
momentum. Finally we get
M (1)(2) = e(1)ae
(2)
bM
ab = M (1)(3) = e(1)ae
(3)
bM
ab = M (2)(3) = e(2)ae
(3)
bM
ab = 0
M (0)(1) = e(0)ae
(1)
bM
ab = −
√
rA2 sin2 θ cosφ {r −√rB}
4πB
,
M (0)(2) = e(0)ae
(2)
bM
ab = −
√
rA2 sin2 θ sinφ {r −√rB}
4πB
,
M (0)(3) = e(0)ae
(3)
bM
ab = −
√
rA2 sin θ cos θ {r −√rB}
4πB
. (36)
Using Eq. (36) in (20) we get
L(0)(1) =
∫ π
0
∫ 2π
0
∫ ∞
0
dθdφdrM (0)(1)(r, θ, φ) = 0,
by the same method we can get
L(0)(2) = L(0)(3) = L(1)(2) = L(1)(3) = L(2)(3) = 0. (37)
It is of interest to note that the vanishing of L(0)(1), L(0)(2) is due to the appearance of
terms like sinφ and cosφ while the vanishing of L(0)(3) is due to the appearance of term like
sin θ cos θ.
Repeating the same calculations to the second tetrad given by Eq. (23) and write the
necessary components of the torsion tensor and the vector field T (a), we get
T (0)01 =
A′
A
, T (2)12 = T
(3)
13 =
−1
r
, T (3)23 = − cot θ, (38)
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and the only non-vanishing components of the tensor T (a) are given by
T (1) =
B2{2A+ rA′}
r2A
, T (2) =
cot θ
r2
. (39)
The only required component of Σµνλ needed to calculate the energy is
Σ(0)01 =
√
rB sin θ
4π
. (40)
Further substituting Eq. (40) into Eq. (13) we obtain
P (0) = E = −
∮
S→∞
dSkΠ
(0)k = − 1
4π
∮
S→∞
dSkeΣ
(0)0k =
√
rB. (41)
By the same method used for the first tetrad given by Eq. (22) we find that the momentum
and angular-momentum associated with the second tetrad field given by Eq. (23) have the
form
Π(1)1 = 0, P (1) =
∫
V
dV ∂1(Π
(1)1(r, θ, φ)) =
∫
S
dS1Π
(1)1(r, θ, φ) = 0,
Π(2)1 = 0, P (2) = 0, Π(3)1 = 0, P (3) = 0, (42)
M (1)(2) = e(1)ae
(2)
bM
ab = M (1)(3) = e(1)ae
(3)
bM
ab =M (2)(3) = e(2)ae
(3)
bM
ab = M (0)(3) = e(0)ae
(3)
bM
ab = 0
M (0)(1) = e(0)ae
(1)
bM
ab =
rA2 sin θ
4π
, M (0)(2) = e(0)ae
(2)
bM
ab =
r3/2A2 cos θ
8πB
. (43)
Using Eq. (43) in (20) we get
L(0)(1) =
∫ π
0
∫ 2π
0
∫ ∞
0
dθdφdrM (0)(1)(r, θ, φ) = −
∫ ∞
0
r3/2A2
B
dr 6= 0, by the same method we can obtain
L(0)(2) = L(0)(3) = L(1)(2) = L(1)(3) = L(2)(3) = 0. (44)
It is of interest to note that the vanishing of L(0)(2) is due to the appearance of terms like
cos θ. Here we obtain the component of the angular momentum L(0)(1) 6= 0 contradict what
is well know that the angular momentum of a spherically symmetric stationary spacetime is
vanishing [58].
Let us gave a specific value for the two unknown functions A and B to have the form
A =
√
1− 2M
r
, and B =
√√√√ (1− 3M2r )
(1− 2M
r
)(1− λ0
r
)
. (45)
This is a solution obtained before by Casadio et al. [59] in search for new brane world black
holes and by Germani et al. [60] as a possible external metric of a homogeneous star on the
12
brane. From Eq. (4) using the tetrad field (22) and Eq. (45) we get the associated metric
in the form
ds2 = −
(
1− 2M
r
)
dt2 +
(1− 3M
2r
)
(1− 2M
r
)(1− λ0
r
)
dr2 + r2(dθ2 + sin2 θdφ2). (46)
The Schwarzschild metric is restored in the special case λ0 =
3M
2
. In the case when λ0 > 2M
the metric of Eq. (46) describes a symmetric traversable wormhole [61]. If we apply Eq.
(13) to the tetrad given by Eq. (22) using (45) we get the energy to has the form
P (0) ∼=
∫
r→∞
dθdφ
1
16π
sin θ (M + 2λ0) =
M
4
+
λ0
2
, (47)
and when λ0 =
3M
2
we get
P (0) ∼= M, (48)
which is the ADM [58]. The energy associated with the second tetrad given by Eq. (23)
using Eq. (45) is given by
P (0) ∼= −r + M
4
+
λ0
2
! (49)
which is different from the energy given by Eq. (47).
As we see from Eqs. (47) and (49) that the energy associated with the two tetrad field
given be Eqs. (22) and (23) are different in spite that they reproduce the same space-time
as given by Eq. (46). Definition of energy as given by Eq. (13) depends mainly on the
definition of torsion and the components of the torsion of both tetrad fields given by Eqs.
(26) and (38) which are different. The flatness condition given by Eq. (25) of both tetrad
fields are satisfied when A = 1 and B = 1. The components of the torsion associated with
the two tetrad fields (22) and (23) are now have the following form after using Eq. (45). For
the tetrad (22) we have
T (0)01 =
M
r(r − 2M) , T
(2)
12 =
√
r(r − 2M)(r − λ0)(4r − 6M)− 2(r − 2M)(r − λ0)
2r(r − 2M)(r − λ0) = T
(3)
13,
(50)
and for the tetrad (23) we have
T (0)01 =
M
r(r − 2M) , T
(2)
12 = −1
r
= T (3)13, T
(3)
23 = − cot θ. (51)
The space-time (46) is a flat space-time when M = 0 and λ0 = 0 in this case the components
of the torsion tensor of the first tetrad are vanishing identically, T (a)µν = 0 satisfying the
flatness condition given by Eq. (25). The components of torsion given by Eq. (51) of the
second tetrad when M = 0 and λ0 = 0 do not vanishing identically contradict the flatness
condition given by Eq. (25). Therefore, in this case we are going to use the regularized
expression for the gravitational energy-momentum.
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3. Regularized expression for the gravitational energy-momentum
and localization of energy
An important property of the tetrad fields that satisfy the condition of Eq. (25) is that in
the flat space-time limit eaµ(t, x, y, z) = δ
a
µ, and therefore the torsion T
λ
µν = 0. Hence for
the flat space-time it is normally to consider a set of tetrad fields such that T λµν = 0 in any
coordinate system. However, in general an arbitrary set of tetrad fields that yields the metric
tensor for the asymptotically flat space-time does not satisfy the asymptotic condition given
by (25). Moreover for such tetrad fields the torsion T λµν 6= 0 for the flat space-time [62].
It might be argued, therefore, that the expression for the gravitational energy-momentum
(13) is restricted to particular class of tetrad fields, namely, to the class of frames such
that T λµν = 0 if Ea
µ represents the flat space-time tetrad field [62]. To explain this, let us
calculate the flat space-time of the tetrad field of Eq. (23) using (46) which is given by
(E2a
µ) =


1 0 0 0
0 1 0 0
0 0 1
r
0
0 0 0 1
r sin θ


. (52)
Expression (52) yields the following non-vanishing torsion components:
T (2)12 = −1
r
= T (3)13, T
(3)
23 = − cot θ. (53)
The tetrad field (52) when written in the Cartesian coordinate will have the form
(E2a
µ(t, x, y, z)) =


1 0 0 0
0 x
r
y
r
z
r
0 xz
r
√
x2+y2
yz
r
√
x2+y2
−
√
x2+y2
r
0 − y√
x2+y2
x√
x2+y2
0


. (54)
In view of the geometric structure of (54), we see that, Eq. (23) does not display the
asymptotic behavior required by Eq. (25). Moreover, in general the tetrad field (54) is
adapted to accelerated observers [28, 30, 62]. To explain this, let us consider a boost in the
x-direction of Eq. (54). We find
(E2a
µ(t, x, y, z)) =


γ vγ 0 0
vγx
r
γx
r
y
r
z
r
vγxz
r
√
x2+y2
γxz
r
√
x2+y2
yz
r
√
x2+y2
−
√
x2+y2
r
−vγy√
x2+y2
−γy√
x2+y2
x√
x2+y2
0


, (55)
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where v is the speed of the observer and γ = 1√
1−v2 . For a static object in a space-time
whose four-velocity is given by uµ = (1, 0, 0, 0) we may compute its frame components
ua = eaµu
µ = (γ, vγx
r
, vγxz
r
√
x2+y2
, −vγy√
x2+y2
). It can be shown that along an observer’s trajectory
whose velocity is determined by ua the quantities
φ(j)
(k) = ui
(
E2
(k)
m∂iE2(j)
m
)
, (56)
constructed out from (55) are non vanishing. This fact indicates that along the observer’s
path the spatial axis E2(a)
µ rotate [28, 62]. In spite of the above problems discussed for
the tetrad field of Eq. (23) it yields a satisfactory value for the total gravitational energy-
momentum, as we will discussed.
In Eq. (13) it is implicitly assumed that the reference space is determined by a set of
tetrad fields eaµ for flat space-time such that the condition T
a
µν = 0 is satisfied. However,
in general there exist flat space-time tetrad fields for which T aµν 6= 0. In this case Eq. (13)
may be generalized [28, 62] by adding a suitable reference space subtraction term, exactly
like in the Brown-York formalism [63, 64].
We will denote T aµν(E) = ∂µE
a
ν−∂νEaµ and Πaj(E) as the expression of Πaj constructed
out of the flat tetrad Eaµ. The regularized form of the gravitational energy-momentum P
a
is defined by [28, 62]
P a = −
∫
V
d3x∂k
[
Πak(e)−Πak(E)
]
. (57)
This condition guarantees that the energy-momentum of the flat space-time always vanishes.
The reference space-time is determined by tetrad fields Eaµ, obtained from e
a
µ by requiring
the vanishing of the physical parameters like mass, angular-momentum, etc. Assuming that
the space-time is asymptotically flat then Eq. (57) can have the form [28, 62]
P a = −
∮
S→∞
dSk
[
Πak(e)− Πak(E)
]
, (58)
where the surface S is established at spacelike infinity. Eq. (58) transforms as a vector under
the global SO(3,1) group [30]. Now we are in a position to proof that the tetrad field (23)
yields a satisfactory value for the total gravitational energy-momentum.
We will integrate Eq. (58) over a surface of constant radius x1 = r and require r →∞.
Therefore, the index k in (58) takes the value k = 1. We need to calculate the quantity
Σ(0)01 = e(0)0Σ
001 =
1
2
e(0)0(T
001 − g00T 1).
Evaluate the above equation we find
Π(0)1(e) =
−1
4π
eΣ(0)01 = − 1
4π
sin θ
√
r(r − 2M)(2r − 2λ0)√
2r − 3M
∼= − sin θ (4r −M − 2λ0)
16π
, (59)
and the expression of Π(0)1(E) is obtained by just making M = 0 and λ0 = 0 in Eq.(59), it
is given by
Π(0)1(E) =
−1
4π
r sin(θ). (60)
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Thus the gravitational energy of the tetrad field of Eq. (23) is given by
P 0 ∼=
∫
r→∞
dθdφ
1
16π
sin θ{(−4r +M + 2λ0) + 4r} = M
4
+
λ0
2
, (61)
which is exactly the energy of the first tetrad (22) as given by Eq. (47).
4. Teleparallel Killing Vectors of the Bran-world Spacetimes
In this section we are going to calculate the Killing vectors of the two tetrad space-times,
given by Eqs (22) and (23) to make the picture more clear about the different results we
obtained for the energy and angular-momentum. Using the teleparallel Lie derivatives of a
covariant tensor of rank 2 established in [65] which is defined as
(
LT ξg
)
µν
def.
= gµν, ρξ
ρ + gρνξ
ρ
, µ + gµρξ
ρ
, ν + ξ
ρ (gǫνT
ǫ
µρ + gǫµT
ǫ
νρ) , (62)
where , denote the ordinary derivative, ξ is a vector field and T ǫµρ is the torsion tensor
defined by Eq. (7). The teleparallel Killing equations is defined as [65]
(
LT ξg
)
µν
def.
= 0. (63)
Apply Eq. (63) to Eq. (22) we get
2A′(r)ξ1(r, θ, φ, t) + A(r)ξ0, 0(r, θ, φ, t) = 0,
A2(r)B2(r)ξ0, 1(r, θ, φ, t)− rξ1, 0(r, θ, φ, t)− A(r)B2(r)A′(r)ξ0(r, θ, φ, t) = 0,
A2(r)ξ0, 2(r, θ, φ, t)− r2ξ2, 0(r, θ, φ, t) = 0,
A2(r)ξ0, 3(r, θ, φ, t)− r2 sin2 θξ3, 0(r, θ, φ, t) = 0,
(2rB′(r)−B(r))ξ1(r, θ, φ, t)− 2rB(r)ξ1, 1(r, θ, φ, t) = 0,
B(r)ξ2(r, θ, φ, t)(B(r)−√r) + rB2(r)ξ2, 1(r, θ, φ, t) + ξ1, 2(r, θ, φ, t) = 0,
B(r) sin2 θξ3(r, θ, φ, t)(B(r)−√r) + ξ1, 3(r, θ, φ, t) + rB2(r) sin2 θξ3, 1(r, θ, φ, t) = 0,
rB(r)ξ2, 2(r, θ, φ, t) +
√
rξ1(r, θ, φ, t) = 0,
ξ2, 3(r, θ, φ, t) + sin
2 θξ3, 2(r, θ, φ, t) = 0,
rB(r) cos θξ2(r, θ, φ, t) + rB(r) sin θξ3, 3(r, θ, φ, t) +
√
r sin θξ1(r, θ, φ, t) = 0,
(64)
where ξα, a =
∂ξα
∂xa
. From the first and fifth equations of Eq. (64) we get
ξ1(r, θ, φ, t) =
B(r)F (θ, φ, t)√
r
, ξ0(r, θ, φ, t) = −
∫ 2A′(r)B(r)F (θ, φ, t)
A(r)
√
r
dt+ F1(r, θ, φ),
(65)
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using Eq. (65) in the sixth and seventh equations of Eq. (64) we get
ξ2(r, θ, φ, t) = e
∫ (√
r−B(r)
rB(r)
)
dr

−
∫ F, 2(θ, φ, t)e
∫ (√
r−B(r)
rB(r)
)
dr
r3/2B(r)

dr + F2(θ, φ, t)

 ,
ξ3(r, θ, φ, t) = e
∫ (√
r−B(r)
rB(r)
)
dr

−2
∫ F, 3(θ, φ, t)e
∫ (
−
√
r−B(r)
rB(r)
)
dr
r3/2B(r)(cos 2θ − 1)

dr + F3(θ, φ, t)

 , (66)
where F (θ, φ, t), F1(r, θ, φ), F2(θ, φ, t) and F3(θ, φ, t) are arbitrary functions to be determined
from the remaining equations of Eq. (64). Using Eqs. (65) and (66) in the remaining
equations of Eq. (64) we finally get
ξ0(r, θ, φ, t) = C0A(r), ξ
1(r, θ, φ, t) = 0, ξ2(r, θ, φ, t) =
e
∫
1√
rB(r)
dr
r
(C1 sinφ+ C2 cosφ) ,
ξ3(r, θ, φ, t) =
e
∫
1√
rB(r)
dr
r sin θ
(C1 cos θ cos φ− C2 cos θ sinφ+ C3 sin θ) ,
(67)
where C0, C1, C2, and C3 are four constants of integration. Thus
ξ =
(
C0A(r)
∂
∂t
+
e
∫
1√
rB(r)
dr
r
{C1 sinφ+ C2 cosφ} ∂
∂θ
+
e
∫
1√
rB(r)
dr
r sin θ
{C1 cos θ cosφ− C2 cos θ sin φ+ C3 sin θ} ∂
∂φ
)
. (68)
Eq. (68) gives the 4 Killing vector of the spacetime given by Eq. (22) in the context of the
TEGR as
ξ(1) = A(r)
∂
∂t
,
ξ(2) =
e
∫
1√
rB(r)
dr
r sin θ
(
sin θ cos φ
∂
∂θ
− cos θ sinφ ∂
∂φ
)
,
ξ(3) =
e
∫
1√
rB(r)
dr
r sin θ
(
sin θ sin φ
∂
∂θ
+ cos θ cosφ
∂
∂φ
)
,
ξ(4) =
e
∫
1√
rB(r)
dr
r
∂
∂φ
. (69)
Now turn our attention to the derivation of the killing vector of the second tetrad given
by Eq. (23). Apply Eq. (63) to Eq. (23) we get
2A′(r)ξ1(r, θ, φ, t) + A(r)ξ0, 0(r, θ, φ, t) = 0,
A2(r)B2(r)ξ0, 1(r, θ, φ, t)− rξ1, 0(r, θ, φ, t)− A(r)B2(r)A′(r)ξ0(r, θ, φ, t) = 0,
A2(R)ξ0, 2(r, θ, φ, t)− r2ξ2, 0(r, θ, φ, t) = 0,
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A2(r)ξ0, 3(r, θ, φ, t)− r2 sin2 θξ3, 0(r, θ, φ, t) = 0,
(2rB′(r)−B(r)) ξ1(r, θ, φ, t)− 2rB(r)ξ1, 1(r, θ, φ, t) = 0,
B2(r)ξ2(r, θ, φ, t) + rB2(r)ξ2, 1(r, θ, φ, t) + ξ
1
, 2(r, θ, φ, t) = 0,
B2(r) sin2 θξ3(r, θ, φ, t) + ξ1, 3(r, θ, φ, t) + rB
2(r) sin2 θξ3, 1(r, θ, φ, t) = 0,
ξ2, 2(r, θ, φ, t) = 0,
ξ2, 3(r, θ, φ, t)− sin2 θξ3, 2(r, θ, φ, t) + ξ3(r, θ, φ, t) sin θ cos θ = 0,
ξ3, 3(r, θ, φ, t) = 0. (70)
From the first, fifth, eighth and tenth equations of Eq. (70) we get
ξ1(r, θ, φ, t) =
B(r)√
r
F4(θ, φ, t), ξ
0(r, θ, φ, t) = −
∫
2A′(r)B(r)√
rA(r)
F4(θ, φ, t)dt+ F5(r, θ, φ),
ξ2(r, θ, φ, t) = F6(r, φ, t), ξ
3(r, θ, φ, t) = F7(r, θ, t), (71)
where F4(θ, φ, t), F5(r, θ, φ), F6(r, φ, t) and F7(r, θ, t) are arbitrary functions to be determined
from the remaining equations of Eq. (70). Using Eq. (71) in the remaining equations of Eq.
(70) we finally get
ξ0(r, θ, φ, t) = 0, ξ1(r, θ, φ, t) = 0, ξ2(r, θ, φ, t) =
C4
r
, ξ3(r, θ, φ, t) =
C5
r sin θ
,
(72)
where C4 and C5 are two constants of integration. Thus
ξ =
(
C4
r
∂
∂θ
+
C5
r sin θ
∂
∂φ
)
. (73)
Eq. (73) gives the 2 Killing vector of the space-time given by Eq. (23) in the context of
the TEGR as
ξ(1) =
1
r
∂
∂θ
, ξ(2) =
1
r sin θ
∂
∂φ
. (74)
It is well known that Minkowski spacetime has the Poincare´ symmetry algebra with the 10
generators [66, 67]
ξ0 =
∂
∂t
, ξ1 = cos φ
∂
∂θ
− cot θ sinφ ∂
∂φ
,
ξ2 = sin φ
∂
∂θ
+ cot θ cosφ
∂
∂φ
, ξ3 =
∂
∂φ
,
ξ4 = sin θ cos φ
∂
∂r
+
cos θ cosφ
r
∂
∂θ
− csc θ sin φ
r
∂
∂φ
,
ξ5 = sin θ sin φ
∂
∂r
+
cos θ sin φ
r
∂
∂θ
+
csc θ cosφ
r
∂
∂φ
,
ξ6 = cos θ
∂
∂r
− sin θ
r
∂
∂θ
,
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ξ7 = r sin θ cosφ
∂
∂t
+ t
{
sin θ cosφ
∂
∂r
+
cos θ cos φ
r
∂
∂θ
− csc θ sinφ
r
∂
∂φ
}
,
ξ8 = r sin θ sinφ
∂
∂t
+ t
{
sin θ sinφ
∂
∂r
+
cos θ sinφ
r
∂
∂θ
+
csc θ cos φ
r
∂
∂φ
}
,
ξ9 = r cos θ
∂
∂t
+ t
{
cos θ
∂
∂r
− sin θ
r
∂
∂θ
}
, (75)
where the speed of light c = 1 and ξ0, ξ4, ξ5 and ξ6 are the spacetime translations which
provide the laws of conservation of energy and linear momentum, ξ1, ξ2 and ξ3 are the ro-
tations which provide the laws of conservation of angular momentum and ξ7, ξ8 and ξ9 are
the Lorentz transformations which provide the laws of conservation of spin and angular
momentum via Noether’s theorem [68]. For a spherically symmetric space-time only the 4
generators ξ0, ξ1, ξ2 and ξ3 apply, yielding only conservation of energy and angular momen-
tum. The generator ξ4, ξ5, ξ6, ξ7, ξ8 and ξ9 yielding conservation of linear momentum and
spin angular momentum are lost for this space-time.
Let us compare our results with the first four equations of Eq. (75). For the tetrad field
given by Eq. (22) we get the 4 Killing vectors to have the form given by Eq. (69). This
Killing vectors are in consistence with the first 4 Killing vectors of Eq. (75) when A(r) = 1
and B(r) =
√
r. Energy, irreducible mass, momentum and angular momentum associated
with the tetrad given by Eq. (22) are satisfactory and in consistence with the previous
results [55]. So this tetrad has no problem either for the calculations of energy, irreducible
mass, momentum and angular momentum or for the associated Killing vectors which given
by Eq. (69).
The tetrad given by Eq. (23) has many problems: First the energy is not equal the
ADM. Also the irreducible mass is effected by the horizon and some components of the
angular momentum are not vanishing. This may be due to the fact that the Killing vector
associated with tetrad (23) is not in agreement with that given by Eq. (75). Since the first
four equations of Eq. (75) are the responsible for the conservation of energy and angular
momentum and these equations are disappear from tetrad (23) as is clear from by Eq. (74).
5. Main results and Discussion
The main results of this paper can be summarized as follow:
• Two different tetrad fields are used. These tetrads are related by a local Lorentz transfor-
mation which keeps spherical symmetry, i.e., the tetrad (22) can be written in terms of the
tetrad (23) using the following local Lorentz transformation
(e1a
µ) = Λν
µ (e2a
ν) , where Λν
µ =


1 0 0 0
0 sin θ cosφ cos θ cosφ − sin φ
0 sin θ sin φ cos θ sinφ cosφ
0 cos θ − sin θ 0


. (76)
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The space-time associated with these tetrad fields is given by Eq. (24).
• The energy of these tetrad fields are calculated using the gravitational energy-momentum
tensor, which is a coordinate independent [30]. One of this tetrad field given by Eq. (22)
gives a satisfactory results for the energy, while the other which is given by Eq. (23) its
associated energy depends on the radial coordinate.
• Calculations of the torsion components associated with these two tetrad fields are given.
From these calculations we show that the torsion components of each tetrad field are differ-
ent. This may gave an indication why the energy of the two tetrad fields is different.
• We use the regularized expression of the gravitational energy-momentum tensor to calcu-
late the energy associated with the second tetrad field given by Eq. (23).
• After using the regularized expression of the gravitational energy-momentum tensor we
show that the energy associated with the two tetrad fields is equal.
• Using the definition of the energy and the angular momentum given by Eqs. (13) and (20)
we show by explicit calculations that the angular momentum depends on the choice of the
frame used.
• The calculations of the irreducible mass is given within the external horizons. From this
calculations we show that the external horizons do not play any role on the energy
• To make the picture more clear we have calculated the Killing vectors associated with
these tetrad fields using the definition of the Lie derivative of a second rank tensor in the
framework of TEGR [65]. We have shown by explicit calculations that the tetrad which show
consistence results of energy, irreducible mass, momentum and angular momentum continue
to show consistency for the Killing vector with GR [66]. The other tetrad fields also continue
to give results of Killing vectors in contradiction with that of GR. This contradiction clear
why the results of energy, irreducible mass, momentum and angular momentum are not in
consistence.
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